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Abstract 

We study the spectral gap of a large system of strongly coupled 
diffusions on unbounded state space and subject to a double-well po¬ 
tential. This system can be seen as a spatially discrete approximation 
of the stochastic Allen-Cahn equation on the one-dimensional torus. 
We prove upper and lower bounds for the leading term of the spec¬ 
tral gap in the small temperature regime with uniform control in the 
system size. The upper bound is given by an Eyring-Kramers-type 
formula. The lower bound is proven to hold also for the logarithmic 
Sobolev constant. We establish a sufficient condition for the asymp¬ 
totic optimality of the upper bound and show that this condition is 
fulfilled under suitable assumptions on the growth of the system size. 
Our results can be reformulated in terms of a semiclassical Witten 
Laplacian in large dimension. 
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1 Introduction 

This paper concerns the rate of convergence to equilibrium at low tempera¬ 
ture of a stochastic interacting particle system, which may be described as 
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follows. There are N particles, at each time t > 0 the state of the k-th parti¬ 
cle is a real random number ^kit) and the trajectory satishes 

for some hxed fi > 1 the stochastic differential equation 






^fe+1 T ^k—i 


4sim 


N 


+ ^k - 


dt + V2hN dBk ■ (1-1) 


Here Bi = {Bi{t))t>o, ■ ■ ■, Bn = (i?Ar(t))t>o are N independent standard 
Brownian motions, h is a positive constant and := ^i, i.e. periodic 

boundary conditions are assumed. When h > 0 is kept hxed and N is 
large, system fll.ip can be seen as a discrete space approximation of the 
stochastically perturbed Allen-Cahn equation on the interval (0, ^): 


du{x,t) = [dlu{x,t) -|- u{x,t) — u^{x,t)'\ dt -|- y/^dW{x,t) , (1.2) 

where now {x, t) G (0, x (0, oo), the boundary condition m(0, t) = t) 

has to be satished for every t > 0, and dW is a space-time white noise. 
Thus, for large N, one might think of ^k{t) , t), and of the chain 

^(t) = as giving the position at time t of an elastic ring of 

length ^ moving in a highly viscous, noisy environment and subject to a 
simple bistable external force. 

Equation fll.2p is a basic and widely studied stochastic partial differential 
equation, see e.g. 

IBar] and references therein. For a more general background on the particle 
system (ED we refer to |BFGlllBFG2] . See also |BBM] for aspects closely 
related to this work. The convergence of fll.ip to fll.21) for —)■ oo is discussed 
in [Bar] . 



Relaxation properties: heuristics and previous results. 

For each hxed h > 0 and number of particles N, the long time behaviour 
of fll.ip is described by its unique equilibrium distribution, explicitly given 
by the probability measure on 


mh,N{dx) 


-YSsl 7 
e hN dx 



y 


where the energy function V : ^ M is dehned as 


V{x) 



k=l 



) + h 


{Xk - Xk+lY 
8sm\§) 



(1.3) 
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with Xjv+i := Xi- This follows from the observation that the drift term 
in fll.ip is the gradient of V and from general facts about gradient-type diffu¬ 
sions. Similarly, for hxed h > 0, there exists a unique equilibrium distribution 
for the inhnite-dimensional system fll.2p . see |DaZallReVe] . One might 
say that at equilibrium no “phase transition” occurs in the thermodynamic 
limit TV —?■ oo. On the contrary, since for each N the energy V admits two 
local minima, given by 

/+ := and /_ := (-1,...,-!), 

the deterministic dynamics = —'VV{^)dt, obtained from fll.ip by setting 
h = 0, admits two stable equilibrium points. Thus, when h is positive but 
small, the typical picture of a so-called metastable dynamics emerges jFrWel 
IFaJollBBMj : the system quickly reaches a local equilibrium in the basin of 
attraction of /+ or J_, depending on its initial condition; this local equilibrium 
endures for a long time, since, in order to be able to explore the whole state 
space and distribute according to the global equilibrium rrih^N, the system has 
to wait for a sufficiently large stochastic fluctuation allowing to overcome the 
energetic barrier separating J+ and The critical time scale at which 
such transitions between minima typically occur is exponentially large in the 
parameter h. Thus, for h —)■ 0, one observes a signihcant slowdown in the 
relaxation towards mh,N- 

The aim of this paper is to quantify the mentioned slowdown in the approach 
to equilibrium of fll.ip when at the same time h is small and N is large. 
More specihcally we shall study for h —)■ 0 and N ^ oo the behaviour of 
the Poincare constant X{h,N) and the logarithmic Sobolev constant p{h,N) 
of fll.ip . These are dehned as the largest constants satisfying respectively, 
for every p G ,mh,N), the weighted Poincare inequality 

A(h,iV) Var^^_^(<^) < hN Jdmh,N , (1-4) 

and the Gross inequality (or logarithmic Sobolev inequality) 

p{h,N) Entm^ ^(<^^) < 2hN J dmh,N ■ (1-5) 

Here Var^^^ jv and Ent n denote the variance and entropy with respect 
to ruh^N, i-e. ■= J (p‘^dmh,N - (/ and, for (p > 0, 

Entm^ ^((p) := Jp \ogp dmh,N - f P dmh,N log (f p dmh,N)- The right 
hand side of fll.4l) is also called the Dirichlet form associated with the Markov 
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process defined by fll.ip . 


It is well-known that the Poincare constant and logarithmic Sobolev constant 
give the exponential rate of convergence to equilibrium, respectively in vari¬ 
ance and in entropy. We refer e.g. to Theorem 4.2.5 and 5.2.1 in |BGL] . which 
also gives a general overview of the interplay between functional inequalities 
and Markov processes. We stress that, from the point of view of spin systems 
in statistical mechanics, we are dealing here with the problem of relaxation 
to equilibrium in a case of continuous unbounded single-spin state space and 
nonconvex energy function (see e.g. [LedlZeglBoHelllBoHe2] in this context). 
Concerning exponential convergence of stochastic equations in inhnite dimen¬ 
sions with hxed noise parameter h we point e.g. to |GoMallHaiipHai2pDaZa] . 


If N is kept hxed it is known that the leading asymptotic behaviour of A(h, N) 
in the limit h —)■ 0 is given by an Eyring-Kramers-type formula (see [BEGK( 
IBGKllHKNj . treating generic multiwell-diffusions in the small noise regime, 
and also the recent |MeScl[Mi^ i. More specihcally, it follows for example 
from |HKNj and some straightforward adaptations of their arguments, that 


\{h,N) 


1 

TT 


det Hess!/(/_) ^ 
det Hess H(0) 


e ih [l + e{h, N) ) , 


( 1 . 6 ) 


where the error e{h,N) satishes, for h > 0 sufficiently small, \e{h,N)\ < 

Cn h. Here Gat is some positive constant which may a priori explode in N. 
On the other hand, as was already observed in [Stej . the prefactor in fll.6p is 
convergent in the limit N ^ oo: 


p{N) 


1 

71 


det Hess!/(/_) ^ 
det Hess H(0) 


A^—)- + oo 


sinh(7ry/2/i ^) 
7rsin(7r-^ 


(1.7) 


Similarly, regarding the log-Sobolev constant p{h,N), it follows again from 
general results (see |MeScj i. that for hxed N the leading term of p{h,N) is 
again given by p{N)e~^. We stress that also here, as for the error in fll.6l) . 
there is no control in N on the error term. Thus no rigorous conclusion in 
the limit N ^ oo can be directly inferred from these results. 


On the other hand, rather strong results have been obtained in the analysis of 
the mean time needed for system fll.lll to go from J_|_ to /_: indeed it has been 
shown that an Eyring-Kramers-type formula holds for this transition time, 
with an error which is uniform in N (see in particular |BBMj and |Bar[|BeGej . 
which extend the results to the inhnite-dimensional system 01.211 and even to 
more general situations). Nevertheless, while the asymptotic relation between 
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stochastically defined mean transition times and analytic objects as X{h, N) 
is well-established in very general situations for hxed N (see again [BGK] 1. to 
the best of our knowledge there are no rigorous results on how it might behave 
in the regime of large N, even in the specihc model we are considering. In this 
paper we do not rely on the mentioned results on mean transition times and 
rather use purely analytical arguments, partly inspired by the semiclassical 
spectral-theoretic approach developped in [HKNj . 

Statement of the main results 

Our hrst main result below shows that the Eyring-Kramers formula fll.bj) 
provides an upper bound on X{h, N) with an error term which can indeed be 
uniformly controlled in the system size N. Moreover it provides a quantitative 
lower bound at logarithmic scale on p{h,N) which is independent of N. In 
particular it ensures that p{h, N) and X{h, N) do not degenerate for any 
hxed h. One might say that no “dynamical phase transition” occurs in the 
thermodynamic limit N ^ oo (see also [GoMaj h 

Theorem 1.1. For every 5 > 0 there exists a constant Cs > 0 such that for 
every h > 0 and every iV G N 

Cs e e“4S < p[h,N) < X{h,N) < p{N) e~^ ( ^ + ^{h,N) ) , 

where the prefactorp{N) is given by fll.7p and the error term e{h, N) satisfies 

30 >0 s.t. Vh G (0,1] , VAT e N , |e(h,iV)| <Ch. 

The exponential decay in h given by the lower bound in Theorem 11.11 ap¬ 
pears to be rather rough, but unfortunately, when insisting to get bounds 
with uniform control in N, it is for the moment not clear how one could 
obtain a substantial improvement, even when focusing only on X{h,N). For 
the latter one can exploit the spectral theory of self-adjoint operators: the 
generator of the Markovian semigroup giving the evolution of fll.ll) is indeed 
the differential operator 


Lh := -hNA + VE-V . (1.8) 

The closure in L‘^{mh,N) of Lh acting on Gj^(M'^), which we still denote by 
L/i, is self-adjoint and nonnegative, admits 0 as eigenvalue and has purely 
discrete spectrum for each h^N hxed (see Section [2j2] for more details). As 
a consequence of the Max-Min principle, its spectral gap, dehned as its hrst 
nonzero eigenvalue, coincides with Xh^n- 
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According to our second main result below, the problem of obtaining the 
Eyring-Kramers formula as lower bound for X{h, N) can then be reduced to 
the problem of proving a suitable separation between X{h,N) and the next 
eigenvalue of Lh- More precisley, the existence of a uniform lower bound 
on the “second spectral gap” in a certain regime in which N possibly grows 
to inhnity, turns out to be sufficient for the validity of the Eyring-Kramers 
formula in the same regime: 

Theorem 1.2. Assume there exist constants > 0 and, for each h G 
(0, ho], a set M{h) C N such that 

Vh e (0, ho] , ViV e AA(h) , Spec(L;,) n ]A(h, N), A(h, N) + 6[= 0 . (1.9) 
Then 

X{h,N) = p{N) e-^ ( 1 + e(h,iV) ) , 
where the prefactorp{N) is given by fll.7p and the error term e(h, N) satisfies 

3C>0 s.t. Vh e (0, ho] , ViV e AA(h) , |e(h,iV)| <Ch. 

Our last main theorem implies that there exist regimes with unbounded N 
under which the Eyring-Kramers formula fll.6l) holds with bounded error 
e(h, N). Indeed, in order to be in the situation of Theorem 11.21 it is enough 

3 

that N grows slower than h“4; 

Theorem 1.3. Let C* > 0 and a G (0, |). Then there exist constants ho, d > 

0 such that condition fll.9p in Theorem \l.S\ is fulfilled with 

U{h) = {N en-.N < Ch-^ } . 

The above results concerning Xh,N can be equivalently reformulated in terms 
of splitting properties of the ground state of a specihc semiclassical Schrodinger 
operator in large dimension. This is a consequence of the well-known ground 
state transformation, see e.g. |JMS] : up to conjugation with e“ 2 wv and some 
A^-dependent dilatation (see Subsection 12.21 for more details), the operator 
hLfi turns out to be unitarily equivalent to the operator acting in the flat 
space L‘^{dx) and dehned through 

Afl := -h^A + |V/P - hAf , where f(x) := . (1.10) 

We like to mention that a semiclassical Schrodinger operator having the form 
of A®, with / a generic smooth function, is also called semiclassical Witten 
Laplacian associated to /. The superscript (0) stresses that we consider only 
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operators on functions, the Witten Laplacian being more generally defined 
through a supersymmetric extension on the full algebra of differential forms. 
The operator acting on p-forms is commonly denoted by and connects 
in the semiclassical limit h —)■ 0 topological properties of the underlying 
manifold to the topology of the energy landscape induced by / |Witl HeSj 
KlFKSj . 

We stress that, even if one focuses only on the operator acting on func¬ 
tions (that is, equivalently on the diffusion operator Lh, as in the present 
paper), the enlarged supersymmetric point of view may provide further in¬ 
sights and a powerful technical tool. We refer especially to |Sjo3 , IJohllHel2( 
[Hd3l[Hra[KilTallHeNilllHeNi2ira[Digl[BHMlL^ for works in this spirit 
and the links between statistical mechanics and Witten Laplacians. In partic¬ 
ular, as was recognized in [HKNj . the operator Ay^]^ acting on 1-forms, being 
related for h —?■ 0 to the energetic bottlenecks responsible for the slowdown of 
the underlying stochastic process, appears rather naturally when analyzing 
the low-lying eigenvalues of A® . 

We emphasize that semiclassical techniques as WKB expansions, Agmon es¬ 
timates and harmonic approximation for Schrodinger operators, used e.g. 
in [HKN], are generally not uniformly controlled in the limit N ^ oo (see 
however IMaMpI for previous work on in large dimension under con¬ 
vexity assumptions on / and |Sjol| i |Sjo^lHell] b Also for the specihc model 
we consider here, the arguments of [HKN] do not carry over with uniform 
bounds in N. 


Comments on the techniques used in this paper 

Though inspired by the supersymmetric approach of [HKNj . in this paper we 
do not make explicit use of A^^^. Indeed, a careful analysis of the energy V 
permits to construct a very efficient global quasimode passing through the 
bottleneck and connecting the two minima of V (see Dehnition I3.10p . This 
construction, together with a precise analysis of Laplace integrals in large 
dimension, enables us to give the upper bound of Theorem 11.11 
For the lower bound in Theorem 11.11 we depart from the semiclassical ap¬ 
proach and rather exploit perturbation techniques for hxed h. These permit, 
even though for general /i > 1 the function V is not convex outside a com¬ 
pact set, to reduce to the case of a convex energy and then to apply the 
well-known Bakry-Emery criterion. We use here that the interaction part 
in the energy V is strong enough to ensure good relaxation properties for 
large N. Thus, roughly speaking, we regard the energy coming from the 
single particle double-well potential as a perturbation of the interaction part. 
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This is opposed to the perturbative regime considered in previous works 
as |BoHel[rBoHe2j : in these references the interaction constant /i is tuned in 
a way that it is rather the interaction part to become a perturbation of the 
single particle potential. 


The relevant quantity naturally appearing in the estimates leading to Theo¬ 
rem 11.21 is the quadratic form 


£{ip) 


Jjgjv dTflfi^N 

hN |Vv?|2 drrih^N ' 


To connect to the existing literature, we point out that, after integration by 
parts, this quantity can be equivalently rewritten in the two forms 


8{^) = 


dmh,N _ J^N ■ V(p drrih^N 


Jjjiv r((p) duifi^j^f 


hN /rjv iVv^P dnih,N 


( 1 . 11 ) 


Here T, T^ are respectively the carre du champ operator and its iteration 
(see for example [BGL] for more details about this notion) and := 
(g) Id -|- hiVHessH is an operator acting on vector helds (i.e. 1-forms), 
related to via ground state transformation. The last expression in fll.lip 
can be generalized by allowing, instead of Vyj, more general, non-gradient 
vector helds. This is one of the main advantages of the supersymmetric ap¬ 
proach and is crucially exploited in works as |HKNllHeNil[|Lep ILeNi] , or |Dig| 
in a discrete setting. In the arguments we give here we do not use this addi¬ 
tional freedom since we can work with the gradient of the quasimode already 
exploited in the proof of Theorem 11.11 and thus streamline both the results 
and the presentation. 


For the proof of Theorem 11.31 we shall adopt the Schrodinger point of view 
and thus work with We combine here standard localization techniques 
for the analysis of semiclassical Schrodinger operators [CFKS] and a two-scale 
analysis naturally adapted to the structure of the energy V. 


Plan of the paper 

The rest of the paper is organized as follows. In Section [2] we discuss basic 
properties of the model and the precise relation between the diffusion opera¬ 
tor Lh and the Schrodinger operator Sections [3l[Hand[5] are respectively 

devoted to the proofs of Theorems 11.1111.21 and 11.31 

Subsection 13.21 which might also be of independent interest, provides a sharp 

p V (x) 

Laplace-type asymptotics for the normalization constant Zh,N ■= Jrjv e~~f^dx 
when h —)■ 0 with uniform control in N. 



























2 Basic properties of the model 

2.1 Properties of V and related Gaussian estimates 

The aim of this section is to hx our notation and to provide some basic 
background information on our model which we shall use throughout in the 
rest of the analysis. 

We denote by (•, •) the standard scalar product in by || • ||, or | ■ | when no 
ambiguity is possible, the corresponding Hilbert norm and, more generally, 
for p G N we write 

N 

k=l 

The gradient, Hessian and (negative) Laplacian acting on functions in 
are denoted respectively by V, Hess and A. 


Throughout the paper we £x a /r > 1. The energy function V, dehned 
in fll.3p . can be rewritten in a more compact notation as 

rw = \\\x\\t + + J, (2.1) 

where K : —)■ is a normalised discrete Laplacian, dehned by setting 

for X G and G {1,..., A}, 

(^Kx'jk . “ ; 2 / TT \ ( ^k+l ^k—l ) • (^•^) 

4sm(f)^ 

It is understood that xn+i ■= xi and xq := xn, which corresponds to periodic 
boundary conditions. It holds {x, Kx) = (Ax, x) and, according to our choice 
of sign, (x, Kx) > 0. The operator K is diagonalised through the discrete 
Fourier transform x G of x G dehned by 


N 


V 7 = 1 


More precisely we have for every fcG{0,...,A — 1}, 


{Kx)u 


z/fc Xfc , where Uk ■= F — 

sm (f) 


(2.3) 


Note that z^o = 0 is a simple eigenvalue of K and that its smallest non¬ 
zero eigenvalue equals /i for every A G N, A > 2. We shall denote by 
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P : —)■ the projection onto the eigenspace of K corresponding to 

the eigenvalne 0 and by := 1 — P the projection onto its orthogonal 
complement. Note that RanP = Span(l,..., 1) so that P associates to 
X G R'^ the constant vector with components the mean of x\ for every 


{Px)u = X ■.= ^^Xj = ^ . (2.4) 

For shortness the range RanP of P will sometimes also be denoted by C, 
and we refer to it as the space of constant states, or the “diagonal” of R^. 
Similarly we write := RanP-*- for the space of states orthogonal to the 
constants. 

We mention here explicitly the following simple identities, which we shall 
freqnently use in the sequel: 

N 

'ix e R'^ , '^^{P^x)k = 0 and \\Px\\ = y/Nx = Xq . 

k=l 

The fact that the hrst non-zero eigenvalue of K equals /r implies the following 
discrete Poincare-type inequality: 

Vp G [0,/i] , Vx G R^ , {x,Kx) > p { ||a:||^ — (x, Px) ) . (2.5) 

For more information on the discrete Fourier transform and discrete Lapla- 
cian, see for example [Ter] . 

Some basic features of the energy landscape determined by V are the fol¬ 
lowing. First, it is straightforward to check that the constant states given 
by 


/+ := (!,...,!) , /- := (-!,...,-!) and O := (0,..., 0) , 

are critical points of V, i.e. satisfy W (x) = 0, for every iV G N. Moreover 

Hessl/(/±) = K+ 2 and HessR(O) = K-1. (2.6) 

It follows from fl2.3|l that K + 2 admits only strictly positive eigenvalues, 
while K — 1 has one simple eigenvalue —1 and, since p > 1, all the others 
are strictly positive. The identities fl2.6p imply therefore in particular that 
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I± are local minima and O is a saddle point, i.e. a critical point of index 1. 
The additive constant ^ appearing in fl2.ip is chosen such that 

N 

1/(4) = 0 and 1/(0) = — . (2.7) 

A crucial feature of the model, implied by the assumption /r > 1, is the 
following. When restricted to the N — 1 dimensional subspace C"*- = RanP-*-, 
the quadratic form Hessl/ is strictly convex, uniformly in N and x G M^. 
Indeed, according to the discrete Poincare inequality given in fl2.5p . for every 
X and w G M^, 

(tc, Hess l/(a;)u;) > {w,{K — l)w) > (/i — 1) ||ta|l^ — ij.{w,Pw). 

In particular one gets the lower bound 

Vx G , Vta G C'*', (ta,Hessl/(a:)tc) > (/i — 1) ||ta|p . (2.8) 


The latter inequality can be used to show that 4) O are the only 

critical points of V (see also |BFGlj l: 

Lemma 2.1. Fix iV G N and let x G \ {O, 4) !-}■ Then W (x) ^ 0. 

Proof. Estimate fl2.8p implies that for each c G M there can be at most one 
critical point of the restriction V\hc of 1/ to the hyperplane He := {x E : 
X = c}. Since for every c G M the constant vector c := (c,..., c) G C satishes 


N 


VwgC-^, (V1/(c),m;) = {c^-c)'^Wk = 0, i.e V (l/4J(c) = 0, 


k=l 


the critical points of V necessarily have to be on the diagonal C. The state¬ 
ment of the lemma follows now by noting that for c := (c,..., c) 


V{c) = 


-c^ + - . 
2 4 


Since, according to fl2.6p . the quadratic part of V around its critical points is 
essentially given by the discrete Laplacian K, part of our analysis will rely on 
a good control in large dimension of Gaussian integrals, whose covariances 
are given by the resolvent of K or slight perturbations thereof. To be specihe, 
we shall consider for suitable a, /3 G M operators Q : —?■ of the form 

Q := {aP + K + P)~\ (2.9) 
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where P is the projection given by fl2.4l) . Note that the particular case 
a = 0, /9 = 2 corresponds to Q = {K + 2)“^, which according to fl2.6p equals 
the inverse of the Hessian of V at the minima. Taking instead a = 2, (3 = —1, 
one obtains Q = {2P + J’C — 1)“^, which is the inverse of the Hessian of V at 
the saddle point, modulo inverting sign of its unique negative eigenvalue. 

In general, for any choice of a, (3 such that Q is well-dehned, it follows 
from fl2.3p that for each A; G {0,..., — 1} it holds {Qx)k = Ck Xk, where 
the eigenvalues are now given by 

CTfe = — for k e {1,N - 1} and do = —^ . 

Uk + P cy + P 

In particular, Q is positive in the sense of quadratic forms if and only if 
a + /3 > 0 and fi + (3 > 0, which is assumed from now on. A crucial property 
of Q is that it is of trace class, uniformly in the dimension: 

N-l 

> 0 : VA^ e N , TtQ := < C . (2.10) 

k=0 

The latter estimate is obtained by straightforward estimates on the z/^’s (es¬ 
sentially z/fc ~ /i/c^, see their expression in fl2.3p b We remark en passant 
that fl2.10p fails to hold in the case of higher-dimensional single particle state, 
i.e. Xk G with d > 1. This is linked to well-known difficulties in the an¬ 
alytical treatment of the Stochastic Allen-Cahn equation in higher spatial 
dimension. A straightforward consequence of fl2.10p is a uniform control in 
N of moments of the centered Gaussian distribution with covariance Q whose 
density is given by 

{x,Q~^x) 

dfi = - - dx . 

((27r)^ det Q) ^ 

In particular we will repeatedly exploit in this paper the following uniform 
bound, which we state here for later reference. 

Lemma 2.2. Let Q be defined as in (12.91) with a + (3 > t] and p + (3 > 0. 
Then there exists a constant C > 0 such that for p G {4,6} and every h> 0, 
N eN, 

- Y / N ^|lx||^ e 2 dx < Ch^ . (2.11) 

{{271 hN)^ det qy 
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Proof. Differentiating suitably the moment generating function of a Gaussian 
with covariance Q, given by 


ve e 


nN 


, <g,Qg) 

2 e' da; = e 2 


((27r)^detg)^ 

yields for the left hand side of (12.111) the expression 


C . 

^ J2ihNQk,ky^ , with G4 = 3, Ge = 15 . (2.12) 

k=l 

Using the “Fourier integral representation” of Q we get for its diagonal terms 
the expression ^ J2f=o every k. It follows that fl2.12p equals 

h^Cp{'^^~Q ak)^. This yields the desired result thanks to fl2.10p . | 


For convenience of the reader, we also state explicitly the following simple 
tail estimate, which will be exploited throughout the paper. Recall that x 
denotes the mean of a; G as dehned in (12.4p . 

Lemma 2.3. Let Q be defined as in (1^ with a + (3 > and fi + fi > 0. 
Then for every r > 0, the following estimate holds for C = C{r) = 
and for every h G (0,1] and iV G N, 


{x,{hNQ) ^x) 


{{fl-whNY deiQY Jm>r} 


dx < —- 


h 

ttG 


_c 
e h 


Proof. Diagonalising Q via the Fourier transform and recalling that x = 
we obtain 


dx = 


J{yo>rY^} 


(^{2TrhN)^ det QY 

and the statement boils down to the standard Gaussian tail-estimate: 

r+oo .■5 


e 2 dyo 


V?7 > 0 , 


'V 


, 1 

e ^ dt < -6 2 

V 


(2.13) 
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Lastly, the ratio of the determinants of Hess V (/+) and Hess V (0) converges, 
as already observed in |Stej (see also |BBMl[BeGej ). More precisely the 
following statement holds true: 

Lemma 2.4. The relation drill mentioned in the introduction holds true: 


det Hess H(/+) 
det Hess 1/(0) I 


det Hess V (/ 


sinh(7r^2yU” 


det Hess 1/(0) I v^+oo sin(7rv//Fi) 
Proof. According to fl2.6p and to fl2.3p . we have for 2 < G N, 


(2.14) 


det Hess 1/(4) _ det (AT + 2) 

I det Hess 1/(0) I |det(iL —1)| 

so we want to show that 


N-l 


n 


+ 2 
- 1 


N-l 




+ 2 
- 1 ’ 


Af-l 






n 


Uk + 2 
- 1 


where is given by 




V—)'+oo 


-'M ’ 


sinh(7r-^2yU“^) 

sin(7r^ 


-\-oo 

V2YI 


k=l 


/i/c^ + 2 
— 1 ’ 


the last equality being a direct consequence of Euler’s product formula 


+ 00 


V.S e C , sin(7rz) = 1 “ 'p' ) ■ 


k=l 


Noticing now the relation 

N-l 


k=l 


nL+ 


-1 


I N-l I 

2 L^—J 


= 1 + 




' 1 


n L+ 


we are then lead to prove that 


LVJ 


k=l 


n L+vA 


+ 2 


k=l 






l^k 1 J ^ —^ + CX3 ^ ^ ^.IP 1 N —^ + 


lim IT ( 1 + 

J —i._Lrv^ \ 


k=l 


fik"^ — 1 / ’ 


and it is therefore sufficient to show that 

LVJ. 

n(i+3 


I N-l I 

L 2 J — 3 _ 

n 

k=l /xfc2-l k=l 


Uk - iik"^ 


{j^h — 2^ J N^-\-oo 


1 . 


(2.15) 
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The end of the proof follows from the computations done in |BBM] pp. 331- 
332 but we give the details for the sake of completeness. From the inequalities 

2 4 

., r 9/ ^ X 9 X 9 9 

Vx G [0, —] , 0 < x^(l —) = —— < sm^ X < , 

Zi o o 

we deduce that for every 2 < N eN and /c G {1,..., 




1 - 


Tl^k^ 


2U2 


< Vk < 


SfiN^k 


and therefore 


2 7,4 


jjTr^k 
' 3iV2 


< Uk — nk^ < 


3iV2 - 7r2 ’ 
jjL'K'^k'^ 


(2.16) 


3iV2 


TT 


2 ’ 


from which we obtain that for every N >2 and /c G {1,..., [—}, 


Uk - ^ik‘^\ < 


2/i7r^/c^ 


(2.17) 


It follows from fl2.16p and (12.17p that there exist 2 < G N and a positive 
constant C such that for every N > Nq and k E { J,..., }) 


^ Uk- fik^ ^ C 

(i/fc-l)(/iP + 2) -iV2- 

Using the inequality | ln(l + x)| < valid on (—1,1), we get that for 

every N 3 N > maxjAi'o, y/C + 1}, 


IVJ 

In n 

k=l^i 


1 + 3 


z/fc - fik"^ 


{i2k - l)(/i/c2 + 2) 


< 


LVJ 

E 

k=i^i 


c 


m-c N^+oo 


0 , 


and the equation fl2.15p we were looking for follows, since for any hxed /c, 
1 + goes to 1 when N -3 +oo. | 


For additional background on Gaussian measures and perturbations thereof 
in large and inhnite dimensions we point to |GlJal[Siml Dap| . 


2.2 Relation between and the Witten Laplacian 

As already mentioned in the introduction, all the results stated there can 
equivalently be reformulated in terms of Witten Laplacians using the ground 
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state transformation. More precisely, up to a multiplicative factor hN~^, the 
operator '■= —hN^ + W ■ V acting on dx) is unitarily equivalent 

to a semiclassical Witten Laplacian acting on the flat L‘^{dx): 


e-^hLhC^ = N{-h^A + |V/P - hAf) =: N A^^^ , (2.18) 


where 


fix) 


V{x) 

2N 


Using in addition the unitary dilatations DiU on L‘^{dx), which are dehned, 
for any A > 0 and any g G L‘^{dx), by Dills' ;= giX •); have also the 
unitary equivalence 


Dil^Dil^ = -A^A + |V/|= - hAf =: A™, (2.19) 


where 

/(x) := /(^/iVx) = . 

Note that = Yhji^j + hdjf)* {dj + hdjf) with domain C^{R^) is sym¬ 
metric and nonnegative in L‘^{dx), that its Schrodinger potential |V/p —hA/ 
is smooth and, for hxed h and A, tending to inhnity as |a:| —)■ cxo . It follows 
then from standard arguments of the theory of Schrodinger operators (see 
e.g. |Hel41 Proposition 7.10 and Theorem 9.15]) that A^^^ is essentially self- 

adjoint on C'^(M^), and that its closure, which we still denote by A^°^, has 
compact resolvent and therefore purely discrete spectrum. Notice moreover 
that her A® = Span(e“^). 


Due to fl2.18p and fl2.19p . these properties can be immediately transferred 
from A® to and it holds 

Spec(A^°^) = hSpec(L/i). (2.20) 


3 Uniform bounds in the dimension 

This section is devoted to the establishment of lower bounds on the log- 
Sobolev constant ph^jff (dehned through fll.5lP and upper bounds on the spec¬ 
tral gap A/i^ 7 v (dehned through fll.4l) h which are uniform in the system size N. 
The main results here are the following. 
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Theorem 3.1 (Lower Bound). For every <5 > 0, there exists a positive con¬ 
stant Cs such that the log-Sobolev constant p{h, N) satisfies 

V/i > 0 ,ViV e N , Cs < p{h,N) . 

Theorem 3.2 (Upper Bound). The spectral gap \{h,N) satisfies for every 
h > 0 and N eN the ineguality 

\{h,N) < p{N) ( 1 + e{h,N) ) , 

where the prefactorp{N) is given by fll.7p and the error term e{h, N) satisfies 

3U>0 s.t. V/i e (0,1] , VAT e N , |e(/i,iV)| <Ch. 

Note that, together with the well-known inequality p{h, N) < X{h, N), which 
is easily obtained by applying fll.Op to l-\-eu and letting e —)■ 0, Theorem 13.II 
and Theorem 13.21 yield Theorem 11.11 

The proof of Theorem 13.11 is based on a careful perturbation of the energy 
V and a combination of the Holley-Stroock perturbation principle and the 
Bakry-Emery criterion for log-Sobolev constants (c.f. Proposition 13.31 and 
Proposition 13.41 below). The proof of Theorem 13.21 relies on a suitable choice 
of a test function (or “quasimode”) and exploits a good control on the nor- 
malisation constant := e ^.n dx. 

This section is organised as follows. Subsection 13.11 contains the proof of 
Theorem 13.11 Subsection 13.21 which might also be of independent interest, 
provides a sharp Laplace-type asymptotics for Z/j tv when h —)■ 0 with uniform 
control in N. Finally, Subsection 13.31 contains the proof of Theorem 13.21 


3.1 Proof of Theorem 13.11 (Lower Bound on ph,N) 


Our proof is based on a combination of the following two well-known criteria 
for establishing lower bounds on the log-Sobolev constant (see for exam- 
le jRoyj 




BaEmj L 


Prop. 3.1.18 and Theorem 3.1.29] or the original papers |HoSt] . 


We hx here N E N and use the following standard notation: for a measurable 
function U : -E- M such that e~^ E L^(M^, dx), we dehne the probability 

measure dmjj := Zfi^e~^dx, where Zu := e~^ dx is the normalisation 

constant. Moreover we write for nonnegative u E C()°(M^;M), 


Ent 


mu ir) 


u log u dmu 



dmu , 
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and define pu as the largest positive constant such that Vm G 


Pu Ent (m^) < 2 


iVtip dmu . 


(3.1) 


Proposition 3.3 (Holley-Stroock perturbation principle). 

Let U : —)■ M s.t. e~^ G L^(R^,dx) and let W : —)■ M &e a bounded 

measurable function. Then 

n '> ^-(suplV-inflV) ^ 

Pu^e Pu+W ■ 

Proposition 3.4 (Bakry-Eniery criterion). Let U G C^(M^) such that (in 
the sense of quadratic forms) 

3 C > 0 : Vx G , Hess U{x) > C . 

Then the log-Sobolev constant satisfies 

Pu > C. 

In order to prove Theorem 13.11 we construct a suitable perturbation W which 
added to our energy V produces a strictly convex function. This is done as 
follows. First, for each n G M, we take some even 6n G [0,1]) satisfying 


0n{r) = 

and, for every r G M, 


1—1 

if r 

lo 

if r 


e’^{r)<0 if r>0, (3.2) 




2 . l^ 

^- (1 + -) • 


(3.3) 


This is indeed possible since, by elementary arguments, one can check that 


sup|min/"(r) ; / G C^(M; [0,1]) is even and satishes fl3.2l) | ^ • 

Next, in order to “convexity” V with some as small as possible perturbation, 
we consider for every n G N, a G (0,1) and /3 > 0 the family of perturbations 

:= ^dn(Ca,gXk) - ^^4 + ^^ 4 ) “ ( 3 - 4 ) 

k 
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where Ca^p := y iqif- Since the polynomial part of fl3.4p is nonnegative on 
supp 0 n{ca ,/3 o^e gets from 0 < < 1 the two bounds 


N 

T 


^ hha,/3,n(^) 



(l + /3)^ 

1 — a 



(3.5) 


valid for every n G N, a G (0, l),/3 > 0 and every x G Moreover, for a 
suitable choice of the parameters a, (3 and n, the hha,/ 3 ,n^perturbation of the 
original energy V becomes a uniformly strictly convex function: 

Lemma 3.5. Let a G there exists no G M such that for 

any /3 > 0 and n > hq, we have in the sense of quadratic forms: 

^Ca,/ 3 ,n > 0 S.t. Vx G , ViV G N , Hess [V + Wc,^p^n){x) > ■ 

Proof. Recalling the dehnition fll.3p of V and that the discrete Laplacian fiK 
is nonnegative we get the estimate 

Vx G , Va,/3 >0, Vn G N , Hess [V + Wa,y,'n){x) > B.essUa,y,n{x) , 


where 

^ ^ ^ ( 1 (1 ^^^n{pct,fiX}f) ^ Xf. — ^ ^ ( 1 (1 “l“/3)^n) Xj^ . 

k k 


The Hessian of Ua,i 3 ,n is diagonal and we have, for any k G N}: 

dlUa,fi,n (a;) = cl^ye'f{Ca,yXk) ( - ) + 

'- J- -' 

I 

+ 2co,,y9'^{co,,yXk) (^ - (1 - a)x| + (1 + (3)xk ) + 

'-V-' 

II 

+ 9n{ca,/3Xk) “ 3(1 — a)x^ + (1 +/3) ^ + 3x^ — 1 . 

'-V-' 

III 


Case 1: \ca,i3Xk\ > \/2. 

Then 9n = 9'^^ = 9'f = 0 for every n G N and we obtain 

Va,/3 > 0 , dlU^^y^n{x) = 3Xfc - 1 > - 1 > 5 . 
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Case 2\ \ccfi,nXk\ < 1- 

Then 6*^ = 6*" = 0, = 1 for every n G N and we obtain 

Va,/3>0, dlUa,i3,nix) = 3axl + (3 > (3 . 


Case 3: Ca,jsXk G [1, \/2]. 

First, for every /9 > 0,a G (0,1), n G M, we have, using O'^ica^jsXk) < 0 (see 
indeed fl3.2l) i and ( — (1 — a)x\ + (1 + I3)xk) < 0, that II > 0. 

Moreover, we deduce from (3(1 — o)x\ — (1 + (3)) > 0 that the term III 
satishes 

III = il-9nica,f}Xk)) {^3il-a)xl - (1 + /3)) + 3axl + (3 > 3axl +13 . 


Let us lastly look at the term 1. Since ( — ^-^x\ + > 0, we have 


0 ^ ^1/3 


1 — a 


-Xi 


1 + /3 


-Xi 


2 2 

= ^k C„,/3 


1 — a 


2 I 1 + /^ 

Xk + 




1 — a 1 — a 
+ 




4 ' 2 

and so, since 9'^ica,i3Xk) > + n) according to fl3.3jl . 


I > -(1 + r) 


1 — a 


Xu ■ 


n■(2-^/2)2 
Summing up, we then have in Case 3: 


Va, (3 > 0 


die 




(x) > 


a(3(2-^/2)^ + l + l)-l-i 

(2 - V ^)2 


xl + (3. (3.6) 


If a > 3 ( 2 _J^) 2 _|_i as in the assumption, there exists no G M such that the 
right hand side of 03.611 is bigger than [3 and hence strictly positive for any 
n > hq. 


The case Ca,pXk G [—2, —1] can be treaten in an analogous way and thus the 
lemma is proven. | 


The proof of Theorem 13.11 can now be easily concluded: for any 5 > 0, taking 
some hxed a G i ^(^ 2 -^)^+i ’ have for /9 > 0 sufficiently small, 

1 + 3 + 2\/2 _ 3(2 — \/2)^(l + (5) + 1 ^ (1 + /3)^ 

4 24 “ 12(2-V^)2 - 4(1-a) ■ 
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According to Lemma 13.51 fixing n snfficiently large, there exists a > 0 
snch that the perturbation dehned in fl3.4l) satishes uniformly with 

respect to the dimension G N and to x G 


Hess(y + fy„,^,„)(x) > C, . 

Moreover, by estimates (13.511 and (13.711 . 




Applying the perturbation principle as stated in Proposition 13.31 with U = ^ 
and W = (Wa,^,n)/hN yields therefore 


PV/hN > e ih 2Ah 



~Th 24h 


Noting that the rescaled log-Sobolev constant p(h, N) as dehned in (II.5p 
satishes 


Vh > 0 , ViV G M , p(h, N) = hNpv/hN , 


we get the statement of Theorem 13.11 

3.2 Computation of the normalisation constant 

To obtain a good quantitative upper bound, we are lead to compute precise 
Laplace asymptotics. Similar computations are done in [BBM] exploiting the 
Hausdorh-Young inequality. We follow a diherent route based on a compari¬ 
son with a suitable quadratic form (see (13.1111 below) and giving better error 
estimates. 

Note hrst the expressions for V shifted to the minima. 



(3.8) 


k 


and let Q be the following operator that will be used to control V from below 
in the rest of this subsection: 


Q ■■= (jP + K - I)"'. 


(3.9) 


This linear operator then satishes in particular 


det Q ^ = -|det(iL —1)1 = -1 det Hess Y(0) | . 


(3.10) 
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Lemma 3.6. Let Q : —)■ be the linear operator defined through equa¬ 

tion fl3.9p . Then the following two estimates hold: 

Vx>-1, V{x-\-I+) > ^{x,Q~^x) , (3.11) 

and 

V|x|<l, ^||a :||4 - \^xl\ + ^{x,{K + 2)x) > ^{x,Q~^x) . (3.12) 

k 


Proof. Note first the following estimate implied by Holder’s inequality: 


Vx e 


t,N 


|a;||4 > Nx'^ 


(3.13) 


It follows that 

1,, ,,4 N_. N iV_4 N_. N N 

IMa - J > ja: - —X + — = (x + l) , 

and therefore 

V{x) > ^(x - l)^(x + 1)^ + ^(x, (i^-l)x) + Y# 

= ^{x-lf{x+lf + ]^{,x,{P + K-l)x), (3.14) 


where the last inequality follows from the relation Nx^ = (x, Px). 

From fl3.14p . since P + K — 1 annihilates constants, we get for the shifted 
potential the estimate 


V{x + Ijf) > ^x^ + ^(x, (P + iF — 1) x) for X > —1 , (3.15) 

which proves 03.111) . Note moreover that 03.14p also gives 

Vx < 1 , H(x + /_) > -^(x, (5"^x) , (3.16) 

which is actually equivalent to 03.lip due to the symmetry of V. Esti¬ 
mate 03.12P is then an immediate consequence of the expressions for V (x-|-/+) 
and V{x + /_) given in 03.81) and 03.111) . 03.16p . | 


Proposition 3.7. For every r > 0 there exists a constant C > 0 such that 
for each h e (0,1] and N e N, 


hN 


dx < C 


-1 


{2'KhN) 2 


{a;>0; |a:—ll^r} 


det Hess V (/+) 1 2 


.c 

h 


(3.17) 
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Proof. Fix r > 0. Shifting the origin to the minimum and using the 
quadratic lower bound given in fl3.1ip of Lemma 13.61 we get 


I : = 


hN 


dx < 


{x,(hNQ)-^x) 


dx 


*{x>0; |a:—l|>r} 


{a;> —1; 


where Q : —?■ is the positive operator dehned in fl3.9p . According to 

the Gaussian tail estimate of Lemma 12.31 there exists a constant C > 0 such 
that for every h G (0,1] and N eN, 

I < c-’dMLiie-*. 

(detg-1)" 

The desired result follows now from fl3.10p and the convergence of the ratio 
of determinants given by fl2.14l) of Lemma 12.41 I 


Proposition 3.8. Let r G (0,1]. Then 

f e-V dx = . ( 1 + eAh.N) ) . ( 3 . 18 ) 

J{\x-i\<r} I detHessP(/+)|2 

where the error term er{h,N) satisfies 

3C = C{r)>0 s.t. Vh G (0,1] , VAT G N , |e,(h,A^)| <Ch. 

Proof. Fix r G (0,1]. Shifting the origin to the minimum J+ (recall fl3.8lL 
and isolating the contribution of the integral given by the non-quadratic part 
of V from the rest, we write 


_y{£) 

e hN dx = 


Vi^+I+) 

e hN dx 






(x,(K+2)x) 

e ' 2 hN dx -I- 






{x,{K-\-2)x) 

a{x) e '^hN dx , (3.19) 


= :/ 


= :II 


with 


a(x} 


:= exp ( 


IIGIF 
4IGIU 




hN 


) -1- 
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Computation of I: 

For the integral I appearing in fl3.19p . recalling that Hess V (/+) = K-h 2 and 
using the Gaussian tail estimate of Lemma 12.31 we obtain the existence of 
C > 0, such that for every h G (0,1], G M, 


I 


{2'KhN) 2 
det HessH(/+)|^ 


( 1 + er{h, N) ) , 


(3.20) 


where the error term er{h, N) satishes 

3G = G(r) > 0 s.t. Vh G (0,1] , ViV G M , |e,(h,iV)| < C-^ e-^ . 


Estimate of II: 

For the integral II appearing in 03.191) . we proceed as follows: evaluating the 
estimate 

V t G ffi 


1 


|e* - 1 - t| < 


at t = -{hN) ^ get 

a[x) = e 4hiv — 1 — [hN) e + e[h^N,x) , 


(3.21) 


= :A 


= :B 


with 


|e(h, A^, x)| < 


\x\ 


1 ||tI|4 _ I V 
4 IHII4 


2(hAr)2"‘^''3 PI )■ 


(3.22) 


Using ||a ;||3 < A^|la:||g and 03.121) in Lemma 13^ it follows from 03.221) that 


{x,(K+2)x) 1 

e-^KN^\e[h,N,x)\ < 




(3.23) 


where Q : —)■ is dehned in 03.9p . Using for the term A appearing in 

03.211) the inequality 0 < 1 — < |t|, the antisymmetry of the term B and 

estimate 03.23p to control e{h,N,x), we get 


III < 


1 

4/UV 



(x,(K+2)x) 

e 21 . 1 V dx + 


1 

2im 



{x,{h^NQ) ^x) 

e 2 


dx . 


The statement of Lemma 12.21 about the control of moments of Gaussian 
integrals together with the expression of det Q~^ given in O3.10p yield the 
existence of a G > 0 such that for every h > 0, A^ G N, 


//| < G h 


iflTih) ^ 

det HessU(/+)|^ 


+ C h 


(27rh) ^ 

det Hess U(0)|^ 
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Recalling the convergence of the ratio of determinants given by fl2.14p of 
Lemma 12.141 we hnally obtain 


3C>0 : V/i>0,VA^eN, \II\ < C h - ^^(3.24) 

I det Hess V (/+) 1 2 

Putting together fl3.20p and fl3.24p gives the statement of the proposition. 


According to the symmetry of V, Propositions 13 . 71 and 13.81 hnallv lead to the 
precise computation of the normalisation constant 

Corollary 3.9. For the normalisation constant we have 


^h,N ■ — 


V(x) 

e hN dx = 2- 


{27ihN) 


^ ( 1+ e{h,N) ) , (3.25) 


det Hess V (/+) 1 2 
where the error term e{h, N) satisfies 

3C'>0 s.t. Vh e (0,1] , ViV e N , \e{h,N)\ <Ch. 


3.3 Upper Bound on 

We give in this section the proof of Theorem 13.21 We recall that for x G 


N 


X := 


N 




k=l 


and we consider in the rest of this subsection the following operator Q, whose 
inverse is Hess V (O) modulo inverting sign of its unique negative eigenvalue, 


Q := (2P + A:-1)-^ . 

We have then in particular the relation 

detQ”^ = |det(JP—1)1 = | det Hess H(0) | . 


(3.26) 


(3.27) 


Definition 3.10. Let x = Xh,N ■ [—1,1] the function defined by 


X{x) := 




e dt = 


V^TihN Jo 

For h > 0 let = 'fih,N '■ —)■ M 6e given by 

X{x) 


V^Tih 


e dt . 


i/j{x) : = 


( IrnX‘^{x) e '"Jn dx 
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Remark 3.11. Note that by antisymmetry, the quasimode i/j has mean zero: 



dx 


0 . 


Lemma 3.12. The square of the weighted Lf-norm of x satisfies 




X \x) e dx = 2 


{27ihN) 


det Hess V ( J+) 1 2 

where the error term e{h,N) satisfies 


T ( 1 + N) ) , 


3C>0 s.t. Whe {0,1] , WN eN , \e{h,N)\ <Ch. (3.28) 

Proof. By the symmetry of V and and splitting the integral we get 



Using for the term I the simple estimate 

3U > 0 : Vx e {|x — 1| < ^} , Vh e (0,1] , \x{^) “ 1| < e~^ , 

and Proposition 13.81 and for the term II the bonnd |x| < 1 and Proposi¬ 
tion |32l we get 


9 / \ —YAeI 

X {x) e hN dx = 2 


{27ihN) 


det HessU (/+)|2 

where the error term e{h,N) satishes fl3.28j) . 


^ (1+ e{h,N)) , (3.29) 


Theorem 13.21 is then a direct consequence of the following proposition: 


Proposition 3.13. The function from Definition satisfies for every 
h > 0 and every N E N, 


hN 


w\ 


2 


hN 


dx 


1 det Hess U(/_) ^ 
TT det Hess V (0) 


1 -I- e{h, N) ) , 


where the error term e{h, N) satisfies 


3U>0 s.t. Whe {0,1] , WN eN , \e{h,N)\ <Ch. 
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Proof. Since for every x G 


hN\'Vx\‘^{x) = — e 

TT 

we get with Q as defined in fl3.26p . 


2 {x,2Px) 

— g 2hN 

TT 


hN 


|Vxl 


2 


v{^) 

hN 


dx = 


{x,(hNQ) 

e 2 dx 


f (x.jhNQr'^x) . _ll^ . 

+ / e 2 p e 4h]v — 1 j (ix 


From this eqnality, the expression of the determinant of Q given in fl3.27l) . 
and from the ineqnality 0 < 1 — < |t|, we obtain the following estimate 

also using the uniform bounds on Gaussian moments provided by Lemma 12^^ 


hN 


IVX'I 


2 


hN 


dx 


2 (27rhiV)f 
I detHessG(0)|5 


( 1 + e(h, A^) ) , (3.30) 


where the error term e(h, N') satishes fl3.13p . Combining this with Lemma [3.12l 
hnishes the proof. | 


4 Sharp spectral gap asymptotics 

In this section, we prove Theorem 11.21 To do so, we will again use the test 
function if introduced in Dehnition 13.101 in order to show that it asymptoti¬ 
cally saturates the inequality 

s.t. IlypIL^ . =1, \{h,N) < hN [ \N^\^e-^dx 

under a further assumption on the separation between the second and the 
third eigenvalues of Lh- Under this condition, we can indeed reverse this 
inequality up to an error term involving the quadratic form 

X /iRiv \Lhp\^ e-W dx 

hN Jjgjv dx 

which was already mentioned in the introduction. 

Proposition 4.1. Let 5,ho > 0 and, for every h G (0, ho], J\f{h) C N s.t. 

Vh G (0, ho] , ViV G AA(h) , Spec(L,,) n [0,h) = {0,A(h,iV)} . (4.1) 
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Then, for all h G (0, ho], N G Af{h) and ip := iph,N ^ D{Lh) satisfying 




hN dX 


0 


(p{Lh(fi)e hN dx < 


6_ 

2 ’ 


(4.2) 


we have the lower bound 

\{h,N) > hN [ ( 1 - e{h,N) ) , 


where the error term e{h, N) satisfies 

0 < e{h, N) < min { 1 , [ | ^dx + } ■ 

0 Jrn V 5 

The proof is a simple application of the following standard Markov-type 
inequality, which is a consequence of the spectral theory for self-adjoint op¬ 
erators. 


Lemma 4.2. Let T he a nonnegative self-adjoint operator on a Hilbert space 
H with domain D. Then for every u E D and every b > 0, 


Mb,oo){T)u\\‘^ < 


{Tu, u) 
h 


Proof of Proposition \4fl\ We denote respectively by (•, •) and || • || the scalar 


product and the Hilbert norm in Lf{e and by P ;= l[o, 5 )(T/i) the spec¬ 
tral projector of Lh onto the interval [0, 5). From 


.YHl 


ip{Lhip)e ^ dx = hN I dx, 


using the third point of the property fl4.2p together with Lemma 14.21 we get 

11(1= ||1|4+»,(L^)^|| < ^llV^f < i. (4.3) 
In particular, since ||<yc|| = 1, we have also 

=IMt-||(l-/’)v>lt>i. (4.4) 

and so Pip ^ 0. We can therefore dehne u := Since moreover {ip, 1) = 0, 

we have (P<p, 1) = {ip, PI) = 0. Thus, using also fl4.ip . u is necessarily 
a normalised eigenfunction of Lh associated with the eigenvalue X{h,N). 










Consequently, it follows from L^P = PL^ on D{Lh), the self-adjointness of 
P = P^, and elementary rearrangements of terms, that 


X{h,N) = {u,Lhu) = 


{Pip,LhP(p) {^,Lh^p) , {Ptp - (p,Lh^) 


= hiVllVv^lP 


1 + 


\\p^\v \\P^\? 

m-p)^r , {{p-i)^,L,^) 


+ 


\\pv>\[‘ 


+ 


hN\\Vip\[^ 


(1 + 


\\P^¥ 

m-pM^ 

\\p^r 


= :/ 


= :II 


= :/// 


The statement of the proposition follows now by observing that, according 
to fl4.3p and fl4.4p . 


I < 


2hN 


llVy^lP 


I//I < 


\Lh^\\ 


V6M\\V^\\ 


and III < 2 , 


and X{h,N) is nonnegative. 


Applying Proposition 14.11 with the test function ijj as dehned in Dehni- 
tion 13.101 the statement of Theorem 11.21 is then a direct consequence of the 
quasimodal estimates given in Proposition 13.131 and in the following propo¬ 
sition: 


Proposition 4.3. Let 'll! be the test function introduced in Definition \3.1(A 
Then there exists C > 0 such that for every h G (0,1] and every N eN, 



V {x) D 

e dx < C h^ 


det Hess!/(/_) ^ 
det Hess H(0) 


_ J_ 

e . 


(4.5) 


Proof. A straightforward computation, whose details are given below for the 
sake of completeness, leads to the identity 



2 

TrhN"^ 




V{x)-\-{x,Px) 

e wv 


dx . 


(4.6) 


Hence, using the estimate — -^ll^lle implied by the Cauchy- 

Schwarz inequality, we obtain the bound 


0 < 



2 e 4h 
nhN 



{x,(hNQ)-^x) 

e 2 


dx , 


(4.7) 


where Q is dehned in fl3.26p . The estimate fl4.5p follows by applying the 
uniform moment bound of Lemmato the right hand side of fl4.7p . recalling 
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the expression fl3.27p of the determinant of Q and hnally invoking Lemma [3.121 
for /jjiv dx. 


To show fl4.6p and thus completing the proof, we note that for A; G {1,, N}, 

-c,Px) 


. , , 1 2 _± 12 _ 

OkX\x) = ——^==e 2 h = , 


N ^/27ih 


N ^/27ih 


and compute 


L,x = -hNe^ J2Me-^dkx) 


N 




k=l 


N 


\/27ihN 


2 (x.Px) V-^ / , , V 

e 2 hN- ^ — dkV(x) + x) 

k=l 


{x,Px) 


N 


V27ihN 


e y X 


k=l 


'k ) 


where for the last inequality we used = 0- Taking the square we 

get dM])- I 


5 Lower bound on the second spectral gap 


The aim of this section is to prove Theorem 11.31 Instead of working directly 
with the diffusion operator L^, we switch to the Schrodinger operator point 
of view and consider the semiclassical Witten Laplacian on functions acting 
in the flat L‘^{dx) and given by 


A<"> = -h^A + |V/|" - hAf , 


where / : —)■ M is dehned as 


fix) 


V{y/Nx) 

2iV 



\{x,(K -l)x) 



(5.1) 


Note that due to the rescaling of variables, the two minima of / are rescaled 
by a factor \fN with respect to the minima of V. More precisely they are 
given by 




J±_ 

y/N 
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Since in this proof we deal only with the Witten Laplacian acting on functions 
we drop in the sequel the superscript (0) and write for short := A®. 
Moreover, note also that from the relation 02.201) between and The¬ 
orem 11.31 is implied by the following. 

Theorem 5.1. Let C > 0 and a G (0,|). Then there exist two positive 
constants ho and £ such that 

\/h G (0, ho] and \/N < C h~°' , dim (Ran l[o,£/i)(A/,/i)) < 2 . 

According to the Max-Min principle (see for example [Hel41 Theorem 11.7]), 
in order to prove Theorem 15.11 it is sufficient to show that there exist ho,i > 0 
such that for every h G (0, ho] and N < Ch~°‘, there exist E^, E_ G 
s.t. for any 'll; G 

{'ijj, Af^h'4^) > ih ~ ^+)~ ^-)^ • (5-2) 

To obtain estimate 05.2p we hrst follow a standard “decoupling” approach by 
introducing a suitable partition of unity allowing to split the integral on the 
left hand side of 05.2p into integrals over almost disjoint sets. These will be 
localized respectively around the two minima of /, around the diagonal C 
but far from the minima, and far from the diagonal. The main tool here is 
the so-called IMS localization formula (see |CFKSj h 

Proposition 5.2. (IMS Localization Formula) 

Let d eN and {rik}i,...,d o quadratic partition of unity ofM.^, i.e. such that 
rjk G for every k and Yl‘k=i'hi = 1- Then for every i) G 

d 

(V', Aj,ft'0)i2(ffiiv) = Af^h{T]k'i())mm)-h‘^ \\\^Vk\ij\\l2(^^Ny (5.3) 

k=l 

The second main ingredient to obtain estimate 05.21) relies on the decomposi¬ 
tion = C © C"*- and on a two-scale approach. We recall that C = Ran P is 
one-dimensional where P has been dehned in 02.41) . For any ^|J G C)?°(R^; R), 
we then have the decomposition 

Af^hfj = , (5.4) 

where 

A^f^ ■= -h^A^ + |V^/p - hA^f and Af)^^ := -h^A^^+ - hA^^/. 
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Here, the superscripts C,C-^ on a differential operator mean that differenti¬ 
ation is restricted to the corresponding subspace. Thus, chosing some nor¬ 
malized coordinate yo on C and orthonormal coordinates (zi,..., zjv-i) on 
C-*- we have for example for every ip G 


/Sppj 






N-l 


E 


84 - 


Note in particular that the orthogonal decomposition 

1 1 
y/N''"' y/N 

leads to 

N ^ 

w^fix) = + - 2^0 (5-5) 

k=l '' 

and 

= ^(3^0 + 3||P^a:||^ - l) . (5.6) 

Given pj : —)■ R and y E C, we denote by Tpy the partial application 

ipy ■. z E I—^ pj{y + z) (5.7) 

and hence satisfying 'ipy{C^) = 'ip{{x E : Px = y}). 

Roughly speaking, we shall exploit decomposition fl5.4l) as follows. Away 
from the diagonal, we use A^j f^ > 0 and exploit fl2.8p . namely that Hess^ 
is strictly convex, uniformly in x and G N. This leads for every hxed 
y E C to spectral gap lower bounds for the operator ipy i-G- {A‘ji^'ijj)y (see 
Lemma [5.31 belowb The dependence on y of these estimates is controlled in 
Lemma 15.41 below. Around the diagonal C but away from the critical points 
we use > 0 and work with A^^, which, when restricted to sufficiently 
small neighbourhoods of C, behaves essentially like the 1-dimensional Witten 
Laplacian associated with f\c (see the discussion after fl5.34l) below). Around 
the minima J+ and J_ we work directly with Aj/^. Here we use that the 
restriction of / to sufficiently small neighbourhoods around J_|_ and J_ is 
uniformly convex, and thus, locally, good spectral gap lower bounds can be 
obtained (see Lemma 1531 and Proposition 15.71 belowL 



X = Px + P^X = Xq 


The rest of the section is organized as follows. In Subsection 15.11 we make 
precise and prove some aforementioned preliminary results which are needed 
for the proof of Theorem 15.11 In Subsection 15.21 we introduce a suitable 
quadratic partition of unity of R^ and give the proof of Theorem 15.11 


32 

















5.1 Preliminary estimates 

In the sequel we write y and 2 ; to denote generic elements of C and C"*- 
respectively and dy,dz for the Lebesgue measures on C and . We recall 
also the notation dehned in fl5.7p . 


The combination of the following two lemmata allows to control the quadratic 
form {Af^h4’,'ip) away from the diagonal C. 

Lemma 5.3 (Poincare inequality for hxed y E C). The following inequality 
holds true for every h > E'H, E and y E C: 


) l 2 ( c ^) > h{y-l) Uy\\l2(c^) “ {'ipy, Ey 

where E : —)■ R zs given by 


E{x) 


_100 
e h 



r, f(Px + z) 

e ^ h 



Proof. Note that fl5.8p is equivalent to the inequality 


(5.8) 


(5.9) 


which follows from the uniform convexity estimate 

i Hess^^ 2/(0:) = iHess*^^ ld(\/]Va;) > ^ ^ ^ 

implied by fl2.8p . and standard criteria for the spectral gap of strictly log- 
concave measures (see for example [Ledp Corollary 11.4] or the already used 
Bakry-Emery criterion of Proposition 13.41 which gives an even stronger re¬ 
sult). I 


Note that by integrating the relation fl5.8p of Lemma 15.31 in y and using 
the Cauchy-Schwarz inequality, we get that for every h > 0, iV G M and 


(V', 


> h(/i-l)||V'|li2(ffiiV)(l 


— sup 

ySsuppi/i 



(5.10) 

In order to fully exploit Estimate fl5.10p . we need a control on the integral 
appearing on its right hand side when ^|J is localised far from the diagonal. 
The following rough tail estimate will be enough for our purposes. 
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Lemma 5.4 (Concentration Lemma). 

Let h, Rfi and p he three positive numbers. Then there exist Lq > 0 and 7 > 0 
such that for every h G (0, ho] and N & N, the function E defined in fl5.9p 
satisfies 

snp / — Hiin{ 7 e t-'* , 1 } , (5-11) 

ILII<p J{M\>Rh} 


and 


/ R^ 

Ey{z) dz < min{e'^'^ , 1 } . 

M>Rh} 


(5.12) 


Proof. For every r G M"*", h > 0, N E N and y E C, we have the npper bound 


\\^\\>Rh 


Ey{z) dz < 




(5.13) 


To estimate the integral on the right hand side of fl5.13p . we shall use the 
following two bounds on /: 


2f{x) — 2f{Px) < ^^\\P'^x\\l + ^{P'^x, (^K—l+4:\\Px\\'^) P'^x) , (5.14) 


and 

2f{x) - 2f{Px) > ^{P^x,{K-l + \\Pxf)P^x) . (5.15) 

Estimate fl5.15p follows immediately from the definition fl5.ip of / and from 
the inequalities 


j||a:|l4 > = ^{\\Pxf + \\P^xff > ^\\Pxf\\P^xf + 

together with 11 ^ 0 : 11 "^ = iV||Px ||4 = To see fl5.14p . note hrst that from 

the definition of /, 


N 

2/(a;) - 2f{Px) = —\\P^x\\l + iVx^(P^x)^ 

k=l 

+ P^x, {K-1 + 3\\Pxf) P^x) , 
so fl5.14p is a consequence of the elementary inequalities 


1 N 

Nx'^{P'^x)l\ < \/iV||Px||||P'‘‘x|| 4 ||P'‘‘x|| < -||Px||^||P'‘‘x||^ + —||P''‘ 2:||4 
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From fl5.13l) . together with fl5.14p . flS.lSp and computations of Gaussian in¬ 
tegrals, we obtain for every h > 0, N G N and for every r G (0, 


where 


and 



dz 


< 



Q(g N,y) 

1 - e{h,N,y) ’ 


0(r, N,y) 


/ det(iF- 1 + 4|||/|n y 
vdet(iF — 1-|-|||/||2 — 2 r)/ ’ 


(5.16) 


(5.17) 


4h,N,y) : = 


(det(A--l+4||j,f)) 


(27rh) 


/c-L 


(1- 


3JVIP1I4, 


{z,{K-l+A\\y\\ 

2h 


‘M. 


dz. 


As in the proof of Proposition 13.131 we use the simple estimate 


t(h,N,y)\ < 


(det(/f-l+4||gf)) 


1 

4h 



{z,{K-l+A\\y\\^)z) 

e 2 '“ 


dz , 


and conclude, by applying a straightforward modihcation of Lemma that 
there exists a constant G > 0 such that for every iV G N, h G (0,1] and 
y G 

\e{h,N,y)\ < C h . (5.18) 

In order to control Q{T,N,y), we £x r G (0, |(/i — 1)) so that 0(r, iV, ?/) 
increases with |||/|| (for any hxed N), and observe that, arguing as in the 
proof of Lemma 12.41 for every p > 0 there exists a constant G > 0 such that 


ViVGN, sup 0(r,iV,|/) < G. (5.19) 

lhll<p 

If y is not constrained to a compact set, we get the existence of a constant 
G > 0 such that for every G N, p G 

Q{T,N,y) < 4 T < . (5.20) 

Thus, from fl5.16p . taking ho and 7 “^ sufficiently small, one obtains fl5.1ip 
according to 05.181) . 05.19p and one obtains 05.121) according to 05.181) . 05.201) . 


The following lemma shows the existence of a suitable neighbourhood of 
the minimum J_|_ on which / is uniformly convex. Note that by symmetry 
arguments, the analogous statement holds with J_ instead of J+. 
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Lemma 5.5 (Uniform Convexity around the minima). There exist constants 
r, p > 0 such that 


\fN G N , Wx & Qr , Hess/(a;) > p , 
where the set is given by 

Tlr := { a: G : \\Px — J+|| < r , ||-P''‘a;|| < rN~i } . 

Proof. For iV G N take x,w G with ||t(;|| = 1. Then, recalling the 
expression of / given in fl5.ip . we get 

N-l 

2{w,B.ess f{x)w) = {w,{K — l)w) + 3N''^xIwI. (5.21) 

k=l 

For the hrst term in fl5.21D . the discrete Poincare inequality fl2.5jl gives with 
p ■= \ min{/i — 1 , 1 } the lower bound 

{w,{K-l)w) > M\wf - (1+ 4p)||Pm;||^ > 4p - 2\\Pwf . (5.22) 

To estimate the second term in 05.211) . we use the decomposition Id = P + P^ 
and a straightforward computation yields 

N N 

3N ^ xlwl > 3N ^ + 2x{P-^x)k + {P'^x)l) {uf^ + 2w{P^w)k) 

k=l k=l 

> 3\\Px\\^\\Pw\\'^ - 12\\Px\\\\P^x\\ - 6y/N\\P^x\\\ (5.23) 

Note that by the triangular inequality, we have the two uniform bounds for 
every r > 0 , 

\/N gN, VxGhlr, 1 — r < ||Pa:|| < 1 + r . 

Thus, estimate 05.23p gives for every r > 0, G N and x G fir, 

N 

3N'^2^1'^1 ^ 3{1 — r)‘^\\Pw\\'^ — 12{1+r)rN~^ — 6r^ . 

k=l 

Taking r > 0 sufficiently small we get 3N — 2p, which 

together with 05.211) and 05.22p hnishes the proof. 
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The preceding Lemma 15.51 is used to establish the localized spectral gap 
estimate of Proposition 15.71 below. As in the proof of Lemma 15731 we argue by 
means of standard results for strictly log-concave measures. To reduce to the 
standard situation, we use the following general result on convex extensions, 
for which we provide a proof for the sake of completeness. 

Lemma 5.6. Fix d E N. Let G and A be a compact and convex 

subset such that 

3e>0, 3C>0 s.t. Hess Lf > C on := {x + y ; x E A , || 2 /|| < e} . 
Then there exists (p E such that 

'ix E A , t{x) = y>{x) and Vx G , Hess(p(x) > C . 


Proof. The proof consists in smoothly cutting (p outside A and adding a 
function g vanishing on A and sufficiently convex outside A. To easily con¬ 
struct such a function g it is convenient to reduce to radial cut-off’s as follows 
(see [Yanj h hrst, since A is convex and compact, \ is compact and 
there exist £ G N, (xj) C {R^Y and C (0, ooY such that, 

denoting by B{xi,ri) the closed ball of radius centered at Xj, 

A C ntiB(xi,ri) C As c A, . (5.24) 

We shall consider d E C°°(M) dehned by 

0 if f G (—cxo, 

t^e~~^ if t E (1, -|-cxo) . 

This function is strictly increasing on (1, -|-cxo), as well as f i—)■ since we 

have for any f > 1, 



e'{t) = (^2t+ e and 

Moreover notice that Hess (x i-G- ^'dlxH)) 
Hess (x !-)■ 0(11x11)) = Jd-I- 


(M)' 

is given by 

km 


f2-3f + 3 

- f t-1 

{t-iY 


{xiXj) 






and so is positive dehnite for ||x|| > 1 (and zero for ||x|| < 1). We then dehne 


9{x) 
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Note that g is smooth, Hess (7 > 0 and that, according to fl5.24p . 77 = 0 on H 
and Hess (7 > 0 on the complementary of Ae. Finally we dehne the following 
extension of (p|a, 

A ■= + ag , 

where y G satishes y = 1 on and suppx C A^, and a > 0 

is chosen large enough so that Hess<,p > C. This is indeed possible since 
Hess(p > Hess<p > C* on H|, Hess<p = a Hess 77 on \ Hess(p = 
a Hess g + Hess (x /) on \ and min{Hess g{x ), x G \ } > 0. | 


As a corollary of Lemmata l5.5l and l5.61 the following spectral gap estimate for 
a suitably localized problem around the minimum holds true. Note that 
the analogous version around the other minimum J_ holds true by symmetry. 

Proposition 5.7. Let r > 0 and G such that 

supptp C Hr := { 2 ; G : ||Px—J+|| < r , ||P''‘x|| < rN~^ } . (5.25) 

If r is sujfiently small, then there exists a constant p > 0 such that for all 
h > 0 and iV G N, there exists G such that 

{'Ll A^f,hL)L^{R^) A ph ll¥^llL2(RiV) — (L^^h) ) • (5.26) 

Proof. According to Lemma 15.51 by taking r > 0 sufficiently small there 
exists p > 0 such that 

ViV G N , Vx G H 2 r , Hess/(x) > p . 

By Lemma 15.61 there exists for each iV G N a function / G C°°(M^) such 
that f\n, = f\nr and 

ViV G M , Vx G , Hess/(a:) > p . (5.27) 

As in the proof of Lemma 15.31 by standard results for the spectral gap of 
strictly log-concave measures (see for example [Ledl Corollary 11.4]), Prop¬ 
erty (15.2711 implies fl5.26p . with the differential operator instead of 
and with 

_/w 
e h 


Noting that (<p, Aj )^2 (]rjv) = {(f, Af^hp) for any smooth p with 

support in which follows from = f\n^, hnishes the proof. 
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5.2 Proof of Theorem 15.1 

We fix from the outset (7 > 0 and a G (0, |). As we already mentioned, 
it is sufficient to prove fl5.2p . For this we introduce as follows a quadratic 
partition of unity {^ 7 *:} depending on the given a and on a parameter r > 0 , 
independent of N and h, which will be chosen sufficiently small so that the 
estimates required for the proof hold true. 

We start with 9 := 9r ^ C“(M; [0,1]) such that 9{x) = 9{—x), 9 = 1 in [—r, r] 
and 6 * = 0 in [ 2 r, +cxo) and dehne Kmin, f^oo ■ t [ 0 , 1 ] by setting 

Kminix) ;= 9{\\Px-J^\\) + 9{\\Px - J_\\) , (5.28) 

^0 •= ) ^oo •= (l ~ ^min) ^ l{||f3;||>1} • (5.29) 

Moreover we dehne for p G {4, 6 } the functions Xo,py Xoq,p '■ t [0,1] as 

Xo,p{x)-.= 9{h~°^/'P\\P^x\\) and Xoo,p ■= {^ - xl,pY ■ (5-30) 

Note that the y’s depend on h, while the k’s do not. Note also that 

( + ^^0 ) ( Xo,4 + xlo,i ) + ( Xo,6 + xlofi ) = ^ ' (5-31) 

We shall consider in the sequel the partition of unity {pi,... ,pq}, where pi 
is given by one of the six products appearing when multiplying out the 
left hand side of fl5.31l) . Observe that for each k G {1,...,6}, 

VA^ G Vx G h^|Vr 7 fc(x)|^ < . 

Thus the IMS localization formula of Proposition 15.21 implies that for every 
^|J G and h sufficiently small, 

6 

(hfcV', A/,/,(r7fc'0) )l2(k^) • (5.32) 

k=l 

Here and in the sequel we shall use for short the notation > and < to denote 
inequalities which hold true up to multiplication of (say) the right hand side 
by a positive constant which is independent of h and N. 

In the rest of the proof, we £x a -0 G C)?°(M^) and discuss separately the 
addends on the right hand side of fl5.32p . 
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Analysis around the diagonal 

a) Analysis on supp (Kmm Xoa) ■ According to the definitions given in fl5.28p 
and fl5.30l) . we have for every h > 0 and N E N such that N < Ch~°', 

SUpp(?/;KminX0,4) C 12+,^ U , 

where := {x E : ||Pa:± J+|| < 2r , ||P''‘x|| < 2rC^N~^ } . 

Then it follows from Proposition 15.71 (and its analogous version around J_) 
that, chosing r sufficiently small, for all h > 0 and N < Ch~°' there exist 
£h^£h ^ such that, denoting for short (p := KminXo, 4'05 

{'£1 ^f,h ^ h (^||</3||L2(]RiV) — {^,£h) L2{RN) — )l2(rjv)^ • (5.33) 

b) Analysis on supp (kq Xo ,4 + ^oo Xo.e) ■' Here we shall use that, in the sense 
of quadratic forms, 

A/,, > > |V^/|2 - hA^f . (5.34) 

The final estimate fl5.40p given below follows then by elementary inequalities 
which we spell out for completeness. Note first that the definitions fl5.29p 
and fl5.30l) imply in particular that for every h > 0 and N eN, 

supp {kI xli + xlfi) c fio U , (5.35) 

where hi and hlo are defined as 

n := {x G : \\Px — J±\\ > r , ||Px|| > r , ||P''‘x|| < 2rh'^ } , 

and 

flo := : ll-Hx|| < r , ||P'*‘x|| < 2rht j . 

On Oq one can immediately give a lower bound for the right hand side 
in fl5.34p . Indeed, chosing r sufficiently small, we have from fl5.6p for ev¬ 
ery X E Oo, h E (0,1], and N E N, 

|V^/|2 - hA^f > -hA^f = ^{l-3xl-3\\P^xf) > (5.36) 

To deal with O, we develop the expression of V‘'/(x) given in fl5.5l) . 

N 

V^/(2:) = ^xl - ^xo + ^XoWP^xf + ^VN'^iP^xfk , 
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from which we get, using that for all h > 0 we have ||P-*-a;|| < 2 r/i 6 , 

VAT < 

Then, we obtain for j 

|V/(i)| > 

from where it follows 

V^/(x)| > 

V^/(x)| > 

Combining fl5.38p wit 

Vx G , h |A^/(x)| = I 1 — 3||Pa:||^ — 3||P'‘‘x|l^ I < max{l, 3||Px||^} 

valid for h sufficiently small, we finally get the existence of hg > 0 such that 

Vx G ,Vh G (0,ho] ,VA < Ch-^ , |V^/|^ - hA^f > 1 . (5.39) 

Summing up this part, setting for short cp := Xo 4 + ^L Xo 6 follows 

from fl5.34p - fl5.36p and fl5.39p that there exist hg > 0 and r sufficiently small 
such that, for every h G (0, ho] and every N eN satisfying N < Ch~°‘^ 

> lll5|li2(RiV) • (5.40) 

Analysis away from the diagonal 

Here it is convenient to work with which is sufficient due to the inequal¬ 
ity 

a) Analysis on supp ((^Pn+Kg) Xoo, 4 ) : Let for short ip := (KPn+«^o)^Xoo ,4 
Note that by the definitions fl5.28p . fl5.29p . and fl5.30p . we have 

supp</? C {x G : ||Pa;|| < 1 -|- 2r , ||P'*‘x|| > rh^} . (5.41) 

It follows from the Poincare inequality fl5.10p . the concentration estimate fl5.1ip 
of Lemma 15.41 and fl5.4ip that there exists a constant 7 > 0 such that 

2h^ 

^f,h¥’)LHR^) > h{p-l) ||<^|li2(KiV) • (5.42) 


N 


Ch- 


\y/Nj2(P^x)l\ < sVCr^ . 


k=l 


sufficiently small h the lower bound 


-Xn 


x ^\\2 


-Xo + -^XoWP X 


Ay/Cr" 


2 ^ 2 2 
, choosing r sufficiently small, that 

1 for x G 12 s.t. r < ||Px|| < 1 — r 

||Px||^ for x G 12 s.t. 1-I-r < ||Pa:|| . 

,h the estimate 


(5.37) 


(5.38) 


h 
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Since 0 < a < |, estimate fl5.42p implies that there exists ho > 0 such that 

Vh e (0, h-o], ViV e N , (</?, Af^h(p)i2^^N) > h ^ ll¥^lli 2 (]Rjv) • (5.43) 

b) Analysis on supp (koo Xoo.e) ■' Let <p := Kqo Xoo,6 By the definitions fl5.29p 
and 05.301) . we have 

suppv 9 C {x e : \\P-^x\\ > rh^} . (5.44) 

As for the point a) above, we use the Poincare inequality O5.10p but we can 
only use here the concentration estimate 05.121) of Lemma 15^ since suppV' is 
arbitrary. This leads to the existence of a constant 7 > 0 such that 

2 ^ 

Af^h^)L^RN) > h(/i-l) |l9?|li2(KiV) . (5.45) 

Since 0 < a < |, estimate 05.45p implies that there exists ho > 0 such that 

Vh G (0, ho], ViV < Ch , ((^, )^2 (]kjv) A h - |l<;i^||L2(]gjv). (5.46) 

End of the proof 

Chosing the parameter r > 0 of the partition of unity {%} sufficiently small 
and putting together 05.321) . 05.33p . O5.40p . 05.43p . and 05.46p . we obtain 
estimate 05. 2 p with E± := 8^ K m^r, Yn 4 . 
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